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Goals for a multilevel methods on adaptive meshes <_g55

Convergence rates
may not be significantly lower than on regular meshes without local
refinement

Optimal complexity
each step should be performed with optimal computational complexity

involved must be easy to obtain in a finite element code and may not
severely increase memory requirements
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Goals for a multilevel methods ctd.

should only happen on subgrids without hanging nodes to simplify
cell-based smoothers

| \

Continuity
the scheme should be able to use the continuity conditions across faces
for any finite element
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Implementation of Multigrid in deal.ll

WARNING

@ Multigrid on locally refined meshes only works with discontinuous
finite elements right now.

[taken from the documentation of deal.ll]
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Implementation of Multigrid in deal.ll

WARNING

@ Multigrid on locally refined meshes only works with discontinuous
finite elements right now.

@ |t is not clear, whether the paradigm of local smoothing we use is
applicable to continuous elements with hanging nodes.

[taken from the documentation of deal.ll]
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Implementation of Multigrid in deal.ll

WARNING

@ Multigrid on locally refined meshes only works with discontinuous
finite elements right now.

@ |t is not clear, whether the paradigm of local smoothing we use is
applicable to continuous elements with hanging nodes.

@ In fact, most people you meet on conferences seem to deny this.

[taken from the documentation of deal.ll]
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Geometric Multigrid in deal.ll

What was available in deal.ll?

@ MG for discontinuous finite elements (global and local refinement)
@ MG for continuous finite elements (only for global refinement)

MG for continuous finite elements on locally refined grids
Idea: Adjust the existing MG for discontinuous elements to continuous
elements.

How do we have to treat the hanging nodes correctly? I
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Solution of model problem

Poisson Problem
Find v € V s.t.

a(u,v)=(Vu,Vv)=(f,v) VYveV.

Here V denotes the subspace of H!((2) with suitable boundary
conditions. |

We obtain a linear system Au = f.

global refinement local refinement
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Problems on different levels

Problem on mesh T,

Ael,le = fg

to be solved by a Krylov-space solver. To understand this, it is sufficient
to consider the

Richardson iteration

uftt = uf 4+ wrf

rk being the residual of the current iteration step k.

Preconditioned iteration

| \

ul = uf + wPy g
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Multigrid as a preconditioner

Algorithm (V-Cycle)

Let Py = Ao. Set x(© =0 and compute P, Ld, by the following steps:

@ (Pre-smoothing) Compute x\™) jteratively by
x() = x(=1) 4 Se(i)(dz — Aex("*l)), i=1,..., m.
@ (Coarse grid correction) Let
YO — x(me) 4 Retl /:’,3__11 Re—1(dp — Agx(me)).
@ (Post-smoothing) Compute y(™) jteratively by

y(’) — y(i_l) + Se(mﬁ_l)(dg — Aey(l_l)), I = 1 ..... mg

Q Set Py ldy = y(mo),
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Solution of the Poisson Problem

Discontinuous Case

Subspaces on locally refined Splitting with discontinuous
meshes for DG case elements

a5 4 (8 _ (7
AéS AéL XZL - QL

Vi= VP o V)

[G. Kanschat: Multi-level methods for discontinuous Galerkin FEM on locally
refined meshes, Comput. & Struct., vol. 82, pp. 2437-2445, 2004]
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Solution of the Poisson Problem
Continuous Case

Subspaces on locally refined meshes for continuous case
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Multigrid as a preconditioner

Algorithm (V-Cycle)

Let Py = Ao. Set x(© =0 and compute P, Ld, by the following steps:

@ (Pre-smoothing) Compute x\™) jteratively by
x() = x(=1) 4 Se(i)(dz — Aex("*l)), i=1,..., m.
@ (Coarse grid correction) Let
YO — x(me) 4 Retl /:’,3__11 Re—1(dp — Agx(me)).
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y(’) — y(i_l) + Se(mﬁ_l)(dg — Aey(l_l)), I = 1 ..... mg

Q Set Py ldy = y(mo),
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Multigrid as a preconditioner

Algorithm (V-Cycle)

Let Py = Ag. Set x(© = 0 and compute P, Ld, by the following steps:

© (Pre-smoothing) On the subspace VZS only, compute x(me) jteratively
by

x) = x0=1) 4 §éi)(dg — Agx(i_l)), f=1,..., m.
@ (Coarse grid correction) Let
yO = x(m) 4 RT . PL Ry 1(dp — Ax(™).
@ (Post-smoothing) Compute y(™) jteratively by
y) = yli=1) 4 SémeJri)(dg — AUy, =1, my.

Q Set P[ldg = y(me),
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Multigrid as a preconditioner

Algorithm (V-Cycle)

Let Pp = Ag. Set x©) =0 and compute P, 1dg by the following steps:

© (Pre-smoothing) On the subspace \/eS only, compute x\™) jteratively
by

xU) = x(i=1) 4 gé[)(dg — Aex(i_l)), i=1,..., m.
Q (Coarse grid correction) Let
yO = Xm0 4 R\ Py (RE1 (08 — AFSXE™) + df — AREXE™),
@ (Post-smoothing) Compute y(™) jteratively by

y(’) — y(ifl) + Sl(mz_'_l)(de — Azy(iil)), I = 1 ..... mg

Q Set Py ldy = y(mo),
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Multigrid as a preconditioner

Algorithm (V-Cycle)

Let Pp = Ag. Set x©) =0 and compute P, 1dg by the following steps:

© (Pre-smoothing) On the subspace \/eS only, compute x\™) jteratively
by

xU) = x(i=1) 4 gé[)(dg — Aex(i_l)), i=1,..., m.
Q (Coarse grid correction) Let
yO = Xm0 4 R\ Py (RE1 (08 — AFSXE™) + df — AREXE™),
@ (Post-smoothing) Compute y(™) jteratively by

y(’) — y(ifl) + Sl(ml—i_l)(de — Azy(iil)), I = 1 ..... mg

Q Set Py ldy = y(mo),
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Local Smoothing

A hierarchy of three meshes with local refinement

Active cells are colored.

We restrict the smoothing to the subspace \/25.

Prolongation and restriction

@ restrict without creating any contributions in VeE
@ prolongate and take the coupling in VZE into account
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Locally refined Grids in 2D

The locally refined grids have to fulfill certain criteria:
@ Cells sharing a common face may only differ by one refinement level.

@ Levels of all active cells sharing one vertex differ by a maximum of
one.

Refinement of the positive quadrant and a circle
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Convergence for linear elements

Iteration steps and convergence rates with Q; elements in 2D

global quadrant circle
L n r n r n r
2 1 16.00 1 1594 4 292
3 4 292 6 213 6 184
4 6 203 7 157 7 172
5 6 181 7 154 7 1.66
6 6 171 7 155 8 143
7 6 167 7 157 7 158
8 7 165 7 158 7 1.49
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Convergence in 3D

Iteration steps and convergence rates in 3D

Q1-elements

Q>-elements

global  octant ball global  octant ball
r n r n r n r n r n r
16. 1 16. 4 32 4 27 5 22 6 19
32 6 21 6 18 6 19 7 16 7 16
20 7 15 6 18 7 16 7 15 7 1.6
18 7 15 6 17 7 15 7 15 7 15
1.7 7 15 8 14 7 14 7 15 8 13
17 7 15 7 14 8 14 7 15 7 15

~No o wN |~
~Noo o s~
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Conclusions and Outlook

Conclusions

@ Multigrid for adaptive meshes was introduced
@ Finite elements are continuous

@ Hanging nodes were taken into account

@ Optimal convergence due to local smoothing

.

@ Other smoothers for higher order elements

@ Multigrid for Raviart-Thomas elements
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Thank you very much for your attention.
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