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Time-dependent ADR problem

Problem statement

((;L; —diva(x,u, Vu) + b(x,u,Vu) = 0 inQx (0,T] (D
u = 0 onl x(0,T] 2
u = U in Q (3)
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pendent ADR problem

Problem statement

((;L; —diva(x,u, Vu) + b(x,u,Vu) = 0 inQx (0,T] (D
u = 0 onl x(0,T] 2
u = U in Q (3)

Q a(x,u,Vu) = DVu, b(x,u,Vu) =c-Vu+s(u) —f
@ Q C R? - aconvex polygonal domain with a Lipschitz boundary I
© The final time 7 is arbitrary

© a(x,u, Vu) and b(x, u, Vu) must be continuously differentiable
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Time-dependent ADR problem

Weak formulation (theoretical limit)

Solution space

Solution space
WP(a,b; VW) ={u € P(a,b;V) :u € P(a,b; W)} 4)

with the norm

b 1/p

b
o = [l + [aColfarg . p<oc ©)

a
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Time-dependent ADR problem

Weak formulation (theoretical limit)

Variational Problem

Find u € W'(0,T; Wy"(Q), W=7(Q)),  r, p, p, 7 € (1,00),

such that v € 17'(0, T; Wé’”/(Q)):
T T
0 — / (O, v)dt + / ((a(x,u, Vu), V) + (b(x,u, Vu), v) }dt (6)
0 0

u(,0) = wuy inWT(Q) (7
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Time-dependent ADR problem

Weak formulation for our case

@ Solution space
V={veH(Q):v=00nT} (8)
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Ti pendent ADR problem

Weak formulation for our case

@ Solution space
V={veH(Q):v=00nT} (8)

@ Variational problem:

Findu € L*(0,T;V),
such that for almost every ¢ € (0,T) and v € L*(0, T; V):

o Ou e I2(0,T; H(Q))
o u(-,0) =up € H7'(Q)

° (jf{(@tu, v) 4+ (DVu, Vv) + (¢ - Vu,v) + (s(u),v) }dt = f (f,v)
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Time-dependent ADR problem

Finite element discretization

Theoretical aspects

Notation

@ N > 0 - the number of time intervals,

Q@ 0=1 <t <...ty =T - intermediate times

Q@ m=1t,—t,—1,1 <n<N-atime step

© 7, —apartition of €2, assotiated with an intermediate time ¢,

@ X, — a corresponding finite element space

(6 ] ﬁln — a shape-regular partition, a refinement of both 7}, , and 7, ,—{
Q E~h,n — the set of all edges of ’]Niw

Kramer, Kozarevska (Universitit G Adaptive FEM for nonlinear ADR Problems deal.IT User workshop



Time-dependent ADR problem

Finite element discretization

Theoretical aspects

Notation

@ N > 0 - the number of time intervals,

Q@ 0=1 <t <...ty =T - intermediate times

Q@ m=1t,—t,—1,1 <n<N-atime step

© 7, —apartition of €2, assotiated with an intermediate time ¢,

@ X, — a corresponding finite element space

(6 ] ﬁln — a shape-regular partition, a refinement of both 7}, , and 7, ,—{
Q E~h,n — the set of all edges of ’ZNEW

Assumptions

@ Finite elements are triangles or parallelograms or mixed
© There are no hanging nodes

© No anisotropic elements

© No too abrupt or too strong coarsening
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Time-dependent ADR problem

Finite element discretization

0-scheme

@ Choose a parameter 6 € [0.5, 1]
@ Find uj € Xj,,, 0 < n < N, such that

uj) = mouo, ©)
forn=1,...,N,Vv, € Xp,:

1
(DN V) + (- Vil + s(ulf), vy) + ﬁ(uzg, vp) = (10)

1
0 —1
= (", v) + 7-790[2 Vi),

uf? = 0ull + (1 — 0)ul " (11)
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Time-dependent ADR problem

Finite element discretization

0-scheme

@ Choose a parameter 6 € [0.5, 1]
@ Find uj € Xj,,, 0 < n < N, such that

uj) = mouo, ©)
forn=1,...,N,Vv, € Xp,:

1
(D”GVMZQ,VV;,) ( Vuh + s(uj, ) vh)+ﬁ(u29,vh) (10)

1 _
= (f"e,vh) + 79(1/!2 l,vh),

uf? = 0ull + (1 — 0)ul " (11)

7= 0 (tn) + (1= O (. tam)
OD(.,1,) + (1 — 0)D(.,1,—1)
"= el )+ (1 —0)e(.,ta1)

%
I
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Error in IS

Spatio-temporal error indicator

N
Erq={>_nlmy + @)Y + |Vl 1377 (13)
n=1
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Error

Spatio-temporal error indicator

N
Erq={>_nlmy + @)Y + |Vl 1377 (13)
n=1

Q Egq := 1) — spatial error indicator
Q Er = (MY + HV’L?ZH’(’M)UP — temporal error indicator
@ u} — the solution of the auxiliary discrete Poisson problem

Q [ullg izglu(X)l’rdx
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Error indicators

Spatial error indicator

For every integer n between 1 and N define a spatial error indicator 7; by

M ={ Y hglRl§ ok + > helRel 3™ (14)
KG"IV;,J; Eegh,n
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Error indicators

Spatial error indicator

For every integer n between 1 and N define a spatial error indicator 7; by

m =1 Z h IRk 110k + Z he||Rg||%. /™ (14)
KG"IV;,J; Eegh,n
Element norm
e = / )" (15)
K
Edge norm
7 = [ I ds(o (16)
E
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Error indicators

Spatial error indicator

Residuals

Element residuals Rk, K € ’Z~7,n

1
R ="+ — 5 (7" =) +div(DVu) - Vg — () (17)
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Error indicators

Spatial error indicator

Residuals

Element residuals Rk, K € ’Z~7,n

1
R ="+ — 5 (7" =) +div(DVu) - Vg — () (17)

Edge residuals Rg, E € g’hn

0 if E=0KNOoK CT
Ry =
[ng - DVMZG]E = % (nE . DVuze‘aK —ng -DVMZQ|8K,) ifE ¢ [ig)
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Error indicators

Auxiliary discrete Poisson problem

uy €8 ! (’ﬁm), 1 < n < N is the unique solution of the discrete Poisson
equation

/V'IZZVvhdx =(r,v) Vv, € Sl(’f},,n) (19)
Q
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Error indicators

Auxiliary discrete Poisson problem

uy €8 ! (’ﬁn), 1 < n < N is the unique solution of the discrete Poisson
equation

/V'IZZVvhdx =(r,v) Vv, € Sl(’f},,n) (19)
Q

() = /{VV-DV(MZ Y eV — e+ (20)
Q

+ / (0, ?) () — )bl
Q
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Error indicators

Auxiliary discrete Poisson problem

uy €8 ! (’]7”1), 1 < n < N is the unique solution of the discrete Poisson
equation

/V'IZZVvhdx =(r,v) Vv, € Sl(’f},,n) (19)
Q

() = /{VV-DV(MZ Y eV — e+ (20)
Q

+ / (0, ?) () — )bl

Q

Q uj — the solution corresponding to 7,

Q uzfl — the solution on the #,_1,

Q@ 7, =1, —t,—1 —current time step.

Q s (’j}ln) — the space of continuous piecewise linear finite element
functions corresponding to ’Z~}ln
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Error indicators

Temporal error estimator

@ Residual-based part

1/m
TP ™ 77 R g
=1 D IR + Adjllg o+ Y helllne - (Vi — Re)lglg
Keﬁl,n Eegh,n
(21)

Kramer, a (U Ad e FEM for nonlinear ADR Problems deal.II User workshop 13/29



Error indicators

Temporal error estimator

@ Residual-based part
1/m

TP ™ 77 R g
=1 D IR + Adjllg o+ Y helllne - (Vi — Re)lglg
KeThn E€E,
(21)

© Element residual
Rk = —div [DV(u} — u} ") +c-V (up—uf ™)+, (up?) (uf—u ") (22)

© Edge residual N
Rg = DV(u} —ul™") (23)

Q L:;’l — the unique solution of the auxiliary discrete Poisson problem.
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Adaptive algorithm

Input parameters

Prescribe

parameters for spatial adaptation:
Q@ TOLgp,c. — tolerance corresponding to spatial adaptation
© TOL. o450 — tolerance corresponding to spatial coarsening
© Sipace —mesh adaptation strategy
Q@ M;p4c. — mesh smoothing strategy
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Adaptive algorithm

Input parameters

Prescribe

parameters for spatial adaptation:
Q@ TOLgp,c. — tolerance corresponding to spatial adaptation
© TOL. o450 — tolerance corresponding to spatial coarsening
© Sipace —mesh adaptation strategy
Q@ M;p4c. — mesh smoothing strategy

parameters for time step regulation:
Q@ TOLiime max — maximal tolerance corresponding to time adaptation
@ TOLiipe min — minimal tolerance corresponding to time adaptation
Q J € (0, 1)
Q (52 > 1

14/29
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Adaptive algorithm

Input parameters

Prescribe

parameters for spatial adaptation:
Q@ TOLgp,c. — tolerance corresponding to spatial adaptation
© TOL. o450 — tolerance corresponding to spatial coarsening
© Sipace —mesh adaptation strategy
Q@ M;p4c. — mesh smoothing strategy

parameters for time step regulation:
Q@ TOLiime max — maximal tolerance corresponding to time adaptation
@ TOLiipe min — minimal tolerance corresponding to time adaptation
Q J € (0, 1)
Q (52 > 1

uZ_l — solution at the time #*~! on the mesh M"~! with time Step Tp—1

14/29
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lgorithm

Time and space adaptive algorithm

Step 1.
M =M =l = " Solve for uy on M"
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Time and space adaptive algorithm

Step 1.
M =M =l = " Solve for uy on M"
Step 2.
while Er > TOLjipe max/(2T) do
=6 =
Solve for uj; on M". Compute E7 on M"
endwhile
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Adaptiv rithm

Time and space adaptive algorithm

Step 1.
M" =M1 ==l Solve for uy on M"
Step 2.
while Er > TOLjipe max/(2T) do
=6 =
Solve for uj; on M". Compute E7 on M"
endwhile
Step 3.
while Eq > TOLg,4c./T do
obtain refined mesh M" ! based on {Ex} and Sspace
set M" := M"t1;  solve for uy on M"; execute Step 2.
endwhile
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Ad

Time and space adaptive algorithm

Step 1.
M =M =l = " Solve for uy on M"
Step 2.
while Er > TOLjipe max/(2T) do
=6 =
Solve for uj; on M". Compute E7 on M"
endwhile
Step 3.
while Eq > TOLg,4c./T do
obtain refined mesh M" ! based on {Ex} and Sspace
set M" := M"t1;  solve for uy on M"; execute Step 2.
endwhile
Step 4.
Coarsen M", producing a modified mesh M" according to Eq > TOL oarse/T
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gorithm

Time and space adaptive algorithm

Step 1.
M =M =l = " Solve for uy on M"
Step 2.
while Er > TOLjipe max/(2T) do
=6 =
Solve for uj; on M". Compute E7 on M"
endwhile
Step 3.
while Eq > TOLg,4c./T do
obtain refined mesh M" ! based on {Ex} and Sspace
set M" := M"t1;  solve for uy on M"; execute Step 2.
endwhile
Step 4.
Coarsen M", producing a modified mesh M" according to Eq > TOL oarse/T
Step 5.
if E7 < TOLtime,min/(ZT) then 7" := 07"
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Numerical Experiments

Why deal.I1?

@ Pretty good documentation!
o Edge residuals
@ Coarsening (which Femlab is not capable of)

o different mesh smoothing strategies
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Numerical Experiments

Parameter Values in Experiments

Prescribe

parameters for spatial adaptation:
©Q TOLguce = 10
© TOL,parse = 2.5
@ Sipace = fixed number (r = .15,¢ =0.)
Q Muce = patch level 1

parameters for time step regulation:
Q TOLiime max = 10
© TOLiimemin = 3.7
Q@ 46H=.5
Q 5Hh=2

17/29
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Numerical Experiments

Linear Test Equation

ou—V’u = f(x,1)  Vr=(x1,x)€Qx(0,T] (24)
u(r=0) = u (25)
w, = 8 (26)

The inhomogeneity f, spatial domain Q C R2, final time 7, initial condition
up and boundary condition g are specified in the examples.
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Numerical Experiments

Example 1 - Gaussian Clock

@ Linear test equation

@ Desired solution:

u(x, 1) = e 27)

h(x,1) = 5[x; —2cos(t)]* + [x2 — 2sin(z)]? (28)
e Equation data:

f == 8[” - Vzu

up = u(x,0)
= t

§ u(x, 1) Q2 x(0,7]
= 7
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Numerical Experiments

Example 1 - Solver Performance

0.1 | 1

0.01 L L L L L L 0.01 L L L L L L
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Nume xperiments

Example 2 - Oscillating Gaussian

@ Linear test equation

@ Desired solution:

u(x, 1) = e (29)
h(x,1) = o1(f) [x1 — 2cos(t)]* + oa(t) [xa — 2 sin(7)]? (30)
o1(t) = 10[L.1 + cos(41)] (31)

oa(t) = .75[1.5+ .5sin(31)] 32)

e Equation data:
Analogously to Example 1.
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Numerical Experiments

Example 2 - Solver Performance

1 T T T T T T
T ——
01
0.01 1
0.001 F 1
0.01 . . . . . . 0.0001 . . . . . .
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
t t

v v
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Numerical Experiments

Example 3 - Gaussian Clock quadratic elements

@ Linear test equation

@ Desired solution:

u(x, 1) = e (33)

h(x,1) = 5[x; —2cos(t)]* + [x2 — 2sin(z)]? (34)
e Equation data:

f == 8[” - Vzu

up = u(x,0)
= t

§ u(x, 1) Q2 x(0,7]
= 7
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Numerical Experiments

Example 3 - Solver Performance

100 T T T T T T 1 T T T T T T
Er i
llu-tyflgy ——
g?} -
10 | E
1k 0.1 1
/ "
T
MMM s‘h“e"wwmc U
o0 ATV -
. e . e
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
t t
v i
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Numerical Experiments

Example 4 - Gaussian Clock cubic elements

@ Linear test equation

@ Desired solution:

u(x, 1) = e (35)

h(x,1) = 5[x; —2cos(t)]* + [x2 — 2sin(z)]? (36)
e Equation data:

f == 8[” - Vzu

up = u(x,0)
= t

§ u(x, 1) Q2 x(0,7]
= 7
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Numerical Experiments

Example 4 - Solver Performance

100 T T T T T T 0.1 T T T T T T
Er —— T——
”\ HHI‘I‘“ 7
U-Up ||y, ) ——
o
0.01
0.001 . . . . . .
0 1 2 3 4 5 6 7
t t
v .
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Numerical Experiments

Example 5 - Gaussian Clock cubic elements

@ Linear test equation

@ Desired solution:

u(x, 1) = e (37)

h(x,1) = 5[x; —2cos(t)]* + [x2 — 2sin(z)]? (38)
e Equation data:

f == 8[” - Vzu

up = u(x,0)
= t

§ u(x, 1) Q2 x(0,7]
= 7
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Numerical Experiments

Example 5 - Solver Performance

Error history Time step history

100 T T T T T E T 0.1 =
10 &
1k “k ! ‘ m 0.01
\’\H M r’" H lM%“ M ‘h“'w “ "“ U\H
01 w J H ” V\‘?\J\)‘ | ””' Mw
0 1 2 3 . 4 5 6 7 0 1 2 3 . 4 5 6 7
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Numerical Experiments

Finally

Thank you for your attention!

Kramer,
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